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OO 

. Starting from the chiral covariant effective action approach of Banerjce and Kulkarni [Phys. Lett. 

■ B 659, 827(2008)], we provide a derivation of the Hawking radiation from a charged black hole in 

| the presence of gravitational back reaction. The modified expressions for charge and energy flux, 

^ . due to effect of one loop back reaction are obtained. 

1} . Introduction : 

\ Hawking radiation is an important and prominent quantum effect that arises upon the quantization of matter 

fields in a background spacetime with an event horizon. This is due to the different vacuum states between 
the vicinity of the event horizon and the asymptotic infinity pQ . Apart from the original derivation [1] , there 
are other approaches [U [3J each having their own merits and demerits. Recently, Robinson and Wilczek [1] 
followed by Iso, Umetsu and Wilczek [5], gave a new derivation of Hawking effect based on anomaly cancellation 
approach. Soon after, the analysis of [H [5] was reformulated completely by Banerjee and Kulkarni [7] in terms 
of covariant expressions only. Very recently, Banerjee and Kulkarni [HI [5] gave a new derivation of the Hawking 
effect based solely on the structure of the effective action and boundary conditions at event horizon. None of 
these computations however, consider the effect of back reaction. 

Back reaction, it might be recalled is an effect of non-zero expectation value of the energy-momentum tensor 
CnJ ■ on the spacetime geometry, which acts as a source of curvature. It is possible to include the effect of gravitational 

back reaction in the derivation of Hawking radiation. Indeed, using the conformal anomaly method the effect on 
^sO , the spacetime geometry by one loop back reaction was computed in [5] UOj . Based on this approach, corrections 

to the Hawking temperature were obtained in jTOl [TT] . Correction to the Hawking temperature using the back 
reaction equation for linearised quantum fluctuation was derived in [12] . Recently, more useful and intuitive 
way to understand the effect of back reaction through the quantum tunnelling formalism [3J was developed in 
£NJ ■ [T3] . Naturally, it becomes interesting to incorporate the effect of back reaction in the analysis of [U [U [7] . 

A particularly useful way to understand the Hawking effect is through effective action formalism developed 
in [7] . Only the structure of effective action defined near the event horizon is sufficient to determine the Hawking 
flux. An important ingredient of [7] was to realize that effective theory become two dimensional and chiral near 
the event horizon [4]. Yet another important aspect in this approach was that, implementation of a specific 
boundary condition - the vanishing of the covariant form of the current and energy momentum tensor [7] . Unlike 
the approaches [I][5j[7], the important advantage of this method[6] was that, Hawking fluxes were obtained 
only by using the covariant anomaly near the event horizon. This was true not just for charged black holes, 
but for other spacetime geometries as well jT5J [HI US] and also for deriving the Hawking fluxes associated with 
higher spin[TT]. 

In this paper we present a derivation for Hawking energy and charge flux for the Reissner-Nordstrom black 
hole in the presence of back reaction, by using the effective action approach developed in [5] . The expressions 
for charge and energy flux get modified as a consequence of the one loop effect of back reaction. 

Back reaction and Hawking fluxes : 

We arc interested in discussing the Hawking effect from a charged black hole in the presence of back reaction. 
The metric for charged black hole is given by 

ds 2 = f(r)dt 2 - j^dr 2 - rW, (1) 

where the function f(r) = < ' r ~' H r > i''~ 1 '' > admits inncr(r = r^) and outcr(7- = rji) horizon /(r») = f(rn) = 
respectively and dfl 2 is the line element on 2 sphere. The gauge potential is defined by A — — ®dt. 

We now consider, modification in the spacetime metric, from its usual form {!]), due to the one loop back 
reaction [10]. We consider the most general, static spherically symmetric metric 

ds 2 = B(r)dt 2 - -^—-dr 2 - rW, (2) 
H(r) 
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where H(r) and B(r) are the metric coefficients^] on the r — t sector and dfl 2 is the line element on the 2-sphere. 
The horizon is now defined by B(r = r+) = H(r = r + ) = and r + is the modified horizon radius given by [10] 



where rg = M + y A/ 2 — Q 2 is the usual (outer) horizon radius for the charged black hole metric (JTJ. Such a 
form is dictated by simple scaling arguments. As is well known, a loop expansion is equivalent to an expansion 
in powers of the Planck constant h. Since, in natural units, \/h = Mp, the one loop correction has a form given 
by jj? ■ The parameter j3 is the negative constant related to the trace anomaly coefficient taking into account 
the degrees of freedom of the fields and its explicit form is given in [5J [TU] . Note that the modified horizon 
radius gets decreased with respect to its usual value. Here we would like to mention that the generic form for 
the metric © in the presence of the gravitational back reaction was obtained [UJ [TU] by solving the semiclassical 
Einstein equations 

R,xu - t;9^ r = { T ^{<P, g^)) (4) 



or in the more convenient form 



R» v = {T flv ((l>,gpu))-~{Tf;)g flv , (5) 



with the aid of conformal (trace) anomaly in 4d and by keeping the spherical symmetry intact. In our formalism, 
we consider the generic form for the 4c? metric ([2]), in the presence of the back reaction, as a starting point. 
Since the anomaly can be shifted from conformal to the diffcomorphism anomaly, it is expected that a similar 
form of the metric is obtained from the covariant anomaly. 

As mentioned before by using a dimensional reduction technique [4] , the effective field theory near the horizon 
becomes a two dimensional chiral theory. The metric of this two dimensional theory is identical to the r — t 
sector of the full metric ||5J). Henceforth we shall always use g^ v for the r — t part of the metric ([2]). Note 
that unlike the case of [6], we have \J—g 7^ 1 where g = detg^ v . Next, we consider anomalous (chiral) effective 
action [22] , which describes the theory near the horizon. We then consider expressions for the covariant currents 
and energy momentum tensor [5], obtained by taking appropriate functional derivative of the effective action. 
Unknown constants appearing in these solutions are fixed by employing the covariant boundary condition pj [UJ ■ 
Once these constants are fixed, the charge and energy flux are obtained from the asymptotic limit of the current 
and energy momentum tensor respectively. 

First, we concentrate on the gauge sector. The expression for covariant current obtained from the anomalous 
(chiral) effective action is given by [UJ H2] 

where = V M — £fj, P V p is a chiral derivative and B{x) is defined as 

B(x) = J ^yy/=g^-\x,y)^d,A v {v). (7) 
Note that by taking covariant divergence of ^ we get the anomalous gauge ward identity 

V M J^ = --^—^d p A a . (8) 



The anomalous term on right side of ([6]) is the covariant gauge anomaly [TU [19l [20] . Note further that B(x) 
defined in ([7]) satisfy 

A g B(x) = ^Ld^(x). (9) 



where A g = V^V^ is the Laplacian for the r — t sector of the metric ©. After explicitly calculating A g and 
using the form for gauge potential, we arrive at 

d^V^gg^dvBix)) = -d r A t . (10) 
The solution of above differential equation is given by 

B = B„(r) -at + b; d r B Q = -^={A t {r) + c) (11) 



1 An explicit form for the metric is given in 1101 . In our analysis, however, we use only the general properties of metric coefficients 
like -B(r 00 )J : /(r 00 ) = 1. The explicit structure of the metric is not crucial for our purpose. 



where a, b and c are integration constants. Once we have the solution for B we could easily obtain expression 
for the covariant current. Substituting (fTTj) in © for /i = r, yields 

J(H) = ^^(Mr)+c+a). (12) 

Now we fix the value of c + a by imposing the covariant boundary condition, namely, the covariant current 
vanishes at the event horizon defined by r = r + . Thus by setting J( H ^ (t+ ) = 0we get 

c + a=-A t (r+). (13) 

Hence, the expression for JJh) (r) becomes 

Jl H) (r) = ^\[^(Mr) ~ Mr + )). (14) 

Now the charge flux is determined by the asymptotic limit of the anomaly free current [5j [7] . As it is evident 
from the expression (|32|) the anomaly vanishes in this limit and therefore we obtain the charge flux directly 
form (|14j) by taking its asymptotic limit. This gives us 

Co = J{ H) (r^cx>)=-^-A t (r + ). (15) 
Finally, using the form for gauge potential and substituting Q in (fT5|) . yields 

This is the expression for Hawking charge flux. Further, expanding (1 + jjj)^ 1 and keeping only leading order 
term in /3, we get 

Cu ^ e 2 Q z 2 QP (17) 

The first term in the above expression is the usual charge flux for charged black hole [3 El [6] while the next 
term represent correction by the effect of one loop back reaction. 

Now we will concentrate our attention on the gravity sector. The expression for covariant energy momentum 
tensor obtained by considering the functional variation of the effective action 6, 22 is 

e 2 

T% = — (D^BDvB) 

47T 

+ i(h D ^ G -Y4 D ^ G + Y^ R ) ^ 

where B is given by ([7]) while G(x) is defined as 

G(x) = J d 2 y J—g&- l {x,y)R{y), (19) 

and 

B"H B'H' B' 2 H , . 

R= + 7T- 20) 

B 2B 2B 2 V ' 

is the scalar curvature for the metric g^. 

Now by taking the covariant divergence of (|18p we get the anomalous gravitational Ward identity, 



V M T£ = F^J» + Jj-e d»R. (21) 
yo7r 



The first term on right hand side of above equation is classical Lorentz force while the second term is the 
covariant gravitational anomaly [23]. Also, note that, by acting A g on G{x) defined in (fT9|l . we get 

d^W^gg^duG) = V~9R- (22) 
The solution for the above equation is given as 

G = G {r) -4pt + q; d r G = — L ( ^B 1 + A (23) 



where p, q and z are constants. 

After using solutions for B(x) and G(x), the r — t component of the covariant energy momentum tensor Q18p 
becomes, 
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24tt, 
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\ HB "-T<-ir 



(24) 



Now we implement the boundary condition, namely the vanishing of the covariant energy momentum tensor at 
the horizon, this condition leads to a relation among the unknown constants p and z 



p=\{z±^H' + B> + ) ■ H' + =H'{ 



Substituting either of the above solutions in 

,,2 



1 



r = r+) 

we get 

(A t (r) - A t {r + )f 

2HB' 2 



B' + = B'(r = r + ). 



(25) 



192tt^/^9 



B 



2HB" + B'if' 



(26) 



Now the energy flux might be recall is given by the asymptotic expression for the anomaly free energy momentum 
tensor. As happened for the charge case here also we see from (f2"T|) that the anomaly vanishes in r — » oo limit. 
Therefore the energy flux is obtained by taking asymptotic limit of the above equation. Then we get 



(27) 



We would like point out that the expression for the energy-momentum tensor derived from the usual effec- 
tive action induced by the conformal anomaly in 4<i is present in the literature [24[ [25j [26) There the ingoing 
and the outgoing fluxes were obtained respectively by taking the near horizon and asymptotic limit of the 
energy-momentum tensor. On the other hand, in our approach, the Hawking fluxes are obtained by taking the 
asymptotic limit of the anomalous energy-momentum tensor derived from the chiral effective action in 2c? and 
by implementing the covariant boundary condition at the horizon. It is therefore difficult to compare the Ad 
results with the one obtained in present approach. However, our results are consistent with that obtained by 
taking the expectation value of the usual (anomaly free) energy-momentum tensor derived from 2d Polyakov 
effective action, in the Unruh vacuum [24] q 



Next, we can write the above expression in terms of the modified surface gravity [lOj as 

e 2 Q 2 1 



471-^(1 



M 
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48tt 



-K 



M ■ 



(28) 



where Km = \y/ B' + H' + . Now following the similar argument below ([3]), one loop correction to the surface 



M 2 ) 



gravity due to effect of self-gravitation, is given by 

K M - K (l 

where the parameter a like (3 is related to the trace anomaly coefficient, given by |11| 

212A 2 ) 



7 233 
31^-^-^+13^ + -^ 



(29) 



(30) 



where N s denotes number of fields with spin s. K is the usual surface gravity (in the absence of the back 
reaction) for the charged black hole. 
Now by using (J35J) and we get 



e 2 Q 2 



4717-^(1 + 



7T 2 



48tt 



tf 2 (l 



a y 



e 2 Q 2 



47^(1 



\2 

TT 1 1 
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M 2 ' 



(31) 



2 The connection between the covariant anomaly method and the approach based on the usual (Polyakov) effective action is 
discussed in [6]. 



where T Q = is the usual Hawking temperature for Reissner- Nordstrom black hole. The above equation 
represents the expression for the modified energy flux by the effect of one loop back reaction. Further, we can 
recast the above equation by expanding upto leading order in a and /3. This yields 

^ e 2 Q 2 ttT 2 e 2 Q 2 /3 nT^a 
° ~ Anr 2 H + 12 2^ H AP + GAP ' 1 ' 

The first two terms in the above expression represent energy flux from the usual charged black hole [6l [7] , 
while the last two terms are corrections due to the effect of one loop back reaction. Also, by using (|32|) and 
noting that f3 is negative, we observe that, if a > 0, the Hawking flux is increased by the back reaction from its 
standard value. While, on the other hand if a < i.e when the graviton contribution is dominant, a different 

scenario will appear here. Indeed, for a < we can write the last term of © as ^ (l - jjtJ- Therefore, 

when the graviton contribution is dominant there is net decrease in the Hawking flux, due to one loop back 
reaction effect, from its usual value. 
Discussions : 

Based on the effective action approach we have given a derivation of the Hawking charge and energy flux for 
the Reissncr-Nordstrom black hole taking into the account the effect of one loop back reaction. The point is 
that the r — t part of usual charged black hole (y/—g = 1) gets modified to a more general (y/—g ^ 1) due to the 
effect of back reaction without disturbing the spherical symmetry For this general metric, the expressions for 
the covariant current and energy momentum tensor were obtained. This indicates the generality of the effective 
action approach developed in [6|. The corrections to charge and energy flux due to (one loop) back reaction 
effect were then obtained by appropriately taking asymptotic limit of the current and energy momentum tensor. 
The enhancement in the Hawking temperature due to the effect of back reaction was reported in [10] . Here, we 
note that, since (3 < 0, the Hawking flux l|28p. for a > (i.e when matter is dominant) gets enhanced by the 
effect of back reaction, while for a < it gets reduced by the one loop back reaction effect. Consequently, the 
mass-loss and the life time of the Reissner-Nordstrom black hole would be modified. A similar reasoning holds 
for the charge flux obtained in (f2"T|) . 
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